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1. Define an auxiliary function

𝑅(𝑡) = exp

(
−
∫ 𝑡

𝑎
𝜒(𝑠) d𝑠

) ∫ 𝑡

𝑎
𝜒(𝑠)𝜑(𝑠) d𝑠

This and an application of product rules show that

𝑅′(𝑡) = exp

(
−
∫ 𝑡

𝑎
𝜒(𝑠) d𝑠

)
𝜒(𝑡)𝜑(𝑡) −

(∫ 𝑡

𝑎
𝜒(𝑠)𝜑(𝑠) d𝑠

)
exp

(
−
∫ 𝑡

𝑎
𝜒(𝑠) d𝑠

)
𝜒(𝑡)

= 𝜒(𝑡) exp
(
−
∫ 𝑡

𝑎
𝜒(𝑠) d𝑠

) (
𝜑(𝑡) −

(∫ 𝑡

𝑎
𝜒(𝑠)𝜑(𝑠) d𝑠

))
≤ 𝜒(𝑡)𝜓(𝑡) exp

(
−
∫ 𝑡

𝑎
𝜒(𝑠) d𝑠

)
.

Observe that 𝑅(𝑎) = 0. This and the last displayed inequality imply

𝑅(𝑡) ≤
∫ 𝑡

𝑎
𝜒(𝑠)𝜓(𝑠) exp

(
−
∫ 𝑠

𝑎
𝜒(𝑟) d𝑟

)
d𝑠.

This show ∫ 𝑡

𝑎
𝜒(𝑠)𝜑(𝑠) ≤ exp

(∫ 𝑡

𝑎
𝜒(𝑠) d𝑠

) ∫ 𝑡

𝑎
𝜒(𝑠)𝜓(𝑠) exp

(
−
∫ 𝑠

𝑎
𝜒(𝑟) d𝑟

)
d𝑠

=
∫ 𝑡

𝑎
𝜒(𝑠)𝜓(𝑠)

(
exp

(
−
∫ 𝑠

𝑎
𝜒(𝑟) d𝑟

)
exp

(∫ 𝑡

𝑎
𝜒(𝑠) d𝑠

))
d𝑠

=
∫ 𝑡

𝑎
𝜒(𝑠)𝜓(𝑠)

(
exp

(∫ 𝑡

𝑠
𝜒(𝑠) d𝑠

))
d𝑠.

This and the hypotheses in the problem show that

𝜑(𝑡) ≤ 𝜓(𝑡) +
∫ 𝑡

𝑎
𝜒(𝑠)𝜓(𝑠)

(
exp

(∫ 𝑡

𝑠
𝜒(𝑠) d𝑠

))
d𝑠.
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